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Abstract

An asymptotic theory based on the large activation energyraption of one-step overall gas-phase reaction was
formulated for the extinction of a premixed rotating-disknfle under low pressure which renders the flow weakly
rarefied. A similarity solution was obtained for such a flowtlsat the theory can be unified with previous theories
of flame extinction in stagnation and boundary layer flowstirietion criteria based on the critical Damkohler num-
ber were obtained through the S-curve concept to elucitiateffects of the CVD operating conditions that flame
extinction is delayed with decreasing the spin rate of tis& dindor increasing the disk temperature. Furthermore,
while decreasing pressure and therefore the reactivith@ftixture tends to extinguish the flame, the trend can be
substantially weakened by taking into account of the infbgenf the Knudsen layer, which renders flame extinction
harder by reducing the heat loss to the cold disk and the fletcst rate at the flame.

1. Introduction The problem that we shall analyze is as follows: an

| . hemical . infinite disk rotates about its symmetry axis in a sta-
Flame-assisted chemical vapor deposition (FACVD) tionary fluid composed of a chemically reacting pre-

has been widely used for material synthesis (€.9. KO- i re. The fluid near the disk is thrown outwardly

maki 1993, Kim & Cappelli 1994; Glumac & Goodwin 6 yiscosity and a compensating flow is accordingly
1996; Goodwin, Glumac & Shin 1996). In such areac- g, ceq to impinge the disk. Due to the self-similarity

tor, say for the deposition of diamond films, a premixed tne rotating-disk flow (e.g. Karman 1921, Schlichting
flame is stabilized over a heated substrate impinged by 1968), the axial velocity, temperature and species con-

a fuel-rich ethylene-oxygen mixture flow, within which - \va4ion only depend on the axial distance from the
the reaction products from the flame are broughttoward g anq a flat rotating flame can be stabilized over the

and subsequently deposited on the substrate throughyiq  consequently, such a flow configuration has ad-

gurface reqctions. !n order to obtain desirable proper- vantages in synthesizing deposition films with high uni-
ties of the film, studies have been conducted to identify formity and large area coverage. It is noted that, while

optimum operating conditions of FACVD, such as the e self_similar characteristics of the rotating-disk flow
fuel type, the equivalence ratio, the substrate temper- o, iqiq only for a disk with infinite radius, it is also a good

atur(T, the flow type and thﬁ system preshsur:e. FOr ex- 5 pproximation for a finite disk over a large fraction of
ample, it was experimentally observed that large area the radial direction when the spin rate of the rotating

coverage and high uniformity of the diamond deposi- disk is suficiently large (Coltrin, Kee & Evans 1989:;

tion can be achieved by reducing the system Pressuréyee Coltrin & Glarborg 2003).

andor spinning the substrate to stretch the flame (e.g. Low-pressure FACVD has been experimentally

Tzeng 1991). Sin_ce the operation of FACV_D reguiresa demonstrated to be able to further promote the uni-
steady flame, which however could be extinguished by ¢, ity and area coverage of diamond film deposition

increasing the spin rate of the rotating substratg¢@nd with a reduced growth rate, because reducing the op-
decreasing the system pressure, an analysis yielding the, 41i0n pressure tends to improve the purity of deposi-
param_etric influc_encg on the state of flame extinction is 4, fiim by restraining unwanted gas-phase reactions
of obvious practical interest. and enhance the controllability of the substrate temper-
ature (e.g. Goodwin, Glumac & Shin 1996). How-

*Corresponding author: pengz@princeton.edu ever, in the prevalent pressure range, rarefied fjaste
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could be important and as such need to be consideredFormulation of the present problem will be presented in

in the analysis. Mechanistically, we recognize that the
rotating-disk flow has a boundary-layer-like flow struc-
ture, whose characteristic length is abou@rim in at-
mospheric pressure for characteristic spin rates of 1000
rpm, and is inversely proportional to the square root
of the pressure, while the mean free path of the gas
mixture is about 10'mm in one atmosphere and is in-

the next section, followed by the extinction analysis and
results in§3.

2. Formulation

2.1. Governing equations

versely proportional to the pressure. As a consequence \ye consider a steady axisymmetric rotating-disk flow

of decreasing the pressure. the Knudsen nunier,
which is a measure of the gas rarefaction and is de-
fined as the ratio of the mean free path to the charac-
teristic length, could be in the range ©{103 — 107
in the prevalent operating conditions of FACVD, and
as such renders the flow to be weakly rarefied. Phys-
ically, the weakly rarefied rotating-disk flow consists
of a continuum boundary-layer flow with the Knudsen
layer next to the disk, in which the distribution function
of gas molecules is generally non-Maxwellian, or non-
equilibrium, and the continuum description is not valid.
To account for &ects of the Knudsen layer, weakly rar-
efied flows are conventionally studied in the framework
of the continuum mechanics but with appropriate slip
boundary conditions (e.g. Kogan 1969), indicating the
concept that the physical properties (e.g. velocity, tem-
perature and concentration) of the flow at the disk, as
perceived by the flow, are not the same as those of the
disk but instead possess a certain amount of slip. Itis
expected that the presence of slip properties will change
the flow field and hence influence the flame extinction.
Asymptotic analysis of flame extinction based on the
large activation energy assumption of a one-step over-
all reaction is well established in combustion theory

and has been performed for stagnation and boundary

layer flows (e.g. Chung, Kim & Law 1986; Chung
1988; Law 2006). Consequently, the present analysis

can be considered as an extension of the existing the-

ories to rotating-disk flows and will be performed fol-
lowing the standard procedure. Through such an anal-
ysis, information about the extinction characteristics of
a reactive system can be obtained by analyzing the S-
curve, which describes the response of the flame inten-
sity to the Damkoler numbeBa, defined as the ratio
of the characteristic flow time to the characteristic re-
action time. A steady flame cannot be sustained when
Da becomes smaller than a critical value - the extinc-
tion Damkoler number, which is identified as the turning
point of the upper-half of the S-curve. Thus, the major
objective of the present study is to obtain the S-curve of
the rotating-disk flame, identify the corresponding ex-
tinction Damkdler number, and elucidate their depen-
dence on the flow conditions, especially on the pressure.
2

for a chemically reacting premixture with variable prop-
erties. A cylindrical coordinate system ¢, 2) is so es-
tablished that the disk is located on the plare0 and
rotates about the-axis with an angular velocit; the
flow velocity components are denoted hy\{, w) corre-
sponding to I, ¢, 2), respectively. The governing equa-
tions for the flow are given by the continuity equation,
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the energy equation, 2.2. Similarity formulation

oT 8T Following the approach of von Karmam (1921) and
PCp (UE + WE) Ostrach & Thornton (1958), we seek a similarity solu-
qo ﬁ_T +/1}6_T ) 9 Aa_T tion of (1)-(7) in the form
ar \" or ror  dz\" oz ur.g = Qrk(),
= Qew, (6) v(r,2 = QrG(),
and the ideal gas law, W2 = (peo/p) VOV&H(?); (11)
p = pRT/W, 7) T(n2 = (Yolc/cp)T();

wherep is the density,p the pressure] the temper- Y9 = YY)
ature, u the viscosity, D the mass dfusivity, A the P(r.2) = pPeveQP(2), (12)
thermal dffusivity, andR° the universal gas constant. e (7 , . .
The average molecular weight of the mixtuAg the whergg = VO fO p(n)/p"".dn 'S a no.nd|m.en5|onal
. . : coordinate and = u/p the kinematic viscosity. Not-
specific heat capacitg, and the heat of combustion . L ;
ing that the pressure variation along thaxis has been

gc are assumed to be constants. In deriving (5) and
. A shown to be of the order @(pe V) (€.g. Cochran
(6), we have assumed that the mixture isfistently 1934), which is much smaller than the inflow pres-

off-stoichiometric that the reaction is governed by the :
surep., of interest, we can therefore neglect the pres-

mass fractiony of t_h_e deflment react_ant, which cor- sure variation in the axial direction by replacing (4) by
responds to the oxidizer in the fuel-rich hydrocarbon-

) op/dz = 0. Furthermore, we assume thdr) obeys the
oxygen mixture, and hence a one-reactant, _one-step”near viscosity-temperature la(2)/T(2) = pe/T
overall reaction, .Reactan{» Products, is useq in the which, together with the constant pressure assumption,
present formulation. Consequently, the reaction aate results in the Chapman-Rubeson assumgti@p(z) =

— nvaEa/R°T _ - -
can be expressed by = Bo"ve , where the over Poofleo. FUrthermoreP(2) andA(Z) are assumed to vary

e_lll rgactlon ordenis close to 2 e_lt low pressures; the ac- in the way that the Schmidt numb8c= u/pD and the
tivation energyE, and the collision rate factd can be
GPrandtI numbePr = ucp/A are constant.

treated as constants. It is noted that we have neglecte _— . .
the expansion work by the pressure and the viscous dis- . Substituting (11) and (12) into thg governing equa-
tions (1)-(6) and the boundary conditions (8)-(10), we

sipation in (6) since they are negligibly small compared have the followina ODE svstem:
to the chemical heat release. 9 Y '

Equations (1)-(7) are to solved subject to the bound- 2F +H’ =0, (13)
ary conditions at infinity, ) ,

Wevo O ToT YeVo, @) F2+HF' -G*=F", (14)
where the subscripto denotes the physical quantities 2FG+HG' =G", (15)
atz = oo, and the slip boundary conditions at the disk P -0 16
(Shidlovskiy 1967, Gupta 1985), =0, (16)

u= Z_QVIm@’ V= Qr+2_av|m6—v, W= 0,(9) HY _Y /SC: _w/pYOCQ’ (17)

vy 0z v 0z ~ ~
HT' = T7/Pr = w/pYoQ, (18)

2-ar 2y 1 0T 9Y _
ar 1+yPr"oz’ oz ~
wherely, is the mean free path of gas moleculeg,the F=G=0;,T=T.;Y=1 (19)

accommodation cdgcient for velocity,at the accom- ] N
modation cofficient for temperaturey the heat capac- ~ and the slip boundary conditionséat 0,

T=Tw+ 0, (10)

which are subject to the boundary conditiong at oo,

ity ratio, andPr the Prandtl number. In deriving (9) and FoKnvE. H=0.G=1+KmnG 20
(10), we have neglected the chemical deposition of gas s ’ Ve (20)
species at the disk since the deposition rate is usually so T=T,+KnT: ¥ =0, (21)

small that the induced axial velocity at the disk surface
and the concomitant heat release have negligible influ- where the superscript prime represents derivatives with
ence on the flow. respect to the coordina& T = TwCp/YeOc and

3



Tw = TuCp/ Yele; the Knudsen numbegtny andKny
are defined by

o_ 0 \Y2
Kny = In aV(_) r
v Voo Poo
2—a1 2y 1(Q 12 o
Knp = | — | — — 22
i ™ot 1+7/Pr(voo) Poo’ 22)

which are considered to satisf(Kny) = O(Kns) « 1
in the present study.

2.3. Series solution
To solve the ODE system derived §2.2, we first

note that (13)-(15) subject to (19) and (20) can be solved
independently from (17) and (18). The series solutions

up toO(Kn) is given by (Shidlovskiy 1967)

F = Fo+ KnvF/ ,
G = Gp+KnyGy,
H = Ho+KnyHy, (23)

where the leading-order solutioRg, Go andH, satisfy
(13)-(15) subject to

Fo(0) Go(0) = O;
Fo(e) = 0, Go(c0) = 1, Ho(eo) = 0. (24)

Noting that (13)-(15) and (24) are exactly the same

T  [S() ST/
@ =— [S'(g“) DaYe , (28)
E=1:T=To; Y=1, (29)

£=0:T=Tw+KnsdT/dg; dY/de =0,  (30)

whereDa = Bp"1/Q is the Damkohler number, which
represents the ratio of the characteristic flow time to the
characteristic reaction tim&ns = S’(0)/S(c0)Kny the
flow-modifiedKnt, and T, = EaCp/R°Ys 0 the nondi-
mensional activation energy.

Equation (27) can be readily solved, yielding

¥Y=1+Te-(1-8dT/de)ezo - T, (31)

which is valid in the entire flow field. Consequently,
(28) can be rewritten as

et __ [s«w)r .
& |5
14T - (- &)@AT/d)e0 - T|& ™7, (32)

which will be used in the following derivation.

3. Extinction analysisand results

equations derived by von Karman (1921) for an incom- 3.1. Structure equation

pressible rotating disk flow with constant properties, we

In the limit of infinite activation energyja — oo,

can hence use the corresponding series solutions giventhe chemical reaction of the premixture is assumed to

by Cochran (1934):

Ho(¢ < o) =
—ar?+ 2/3+brt/6+ b?°/30+ arf/18Q
Ho({ > &o) =
2A o, A +B o, AAN+BY)
—C+ ?e - Fe + Te
A2 + B2)(17A2 + B2

wherea = 0.510 b= -0.616c = 0.886 A= 0.934 and

B = 1.208; ¢, = 0.9828 is determined by matching the

asymptotic solutions at a point whefg is continuous.

By further introducing a new flow-related coordinate

(e.g. Law 2006)
& = S()/S(e),

4 ’
s = [ exp{ [ H(g")dg"}dg’, (26)

and assumingc = Pr = 1, we can rewrite (17)-(19)

and (21) as

& . .
@(T +Y)=0, (27)

be concentrated at a reaction sheet, which is located at
&¢ and has the temperatufe. For large but finitel,,

the reaction spreads out in a thin zone located around
&¢, within which the flow attains its maximum value
T¢. Outside the reaction zone, the flow is assumed to
be chemically frozen to all orders. Hence, solving (32)
subject toT (&;) = T+ as well as (29) and (30), respec-
tively, we have the outer solutions of the temperature:

Tow = To+eal; +0()
~ 1- f ~ ~
= T, Ti-To
s ( f )
+eC (1-8) +O(ed), (33)
fgut = 'I:g + ea'I:Ir + O(eg)

~ Kns +¢& /=~ =

Tt Kot E : (Tr - Tw)
+Ct(Kns + &) + O(€2), (34)

where the superscripts and + denotes the unburned

and burned sides of the reaction region, respectiely;
andc* are undetermined constants; and the perturbation



parametee, will be identified shortly. Consequently, by

It is noted that (39)-(43) can be further transformed

substituting (33) and (34) into (31), we have the outer into Linan’s canonical equation for the premixed flame

solution ofY up to O(e,):

Yo = Yo+a¥y
-I:f - TNoc ff - -|~—W
= 1-(1-
1-4) 1-¢&  Kng + &
—-a(c +c)(1-9), (35)
Yie = Yi+aV
. . Kns+l .. -
= 1+Tw_TW_m(Tf_TW)
— ea(1+ Kns)c*. (36)

Itis noted that the leading-order solution¥dfmust van-
ish at the flame, namelyg (¢ = &¢) = O, which deter-
mines the reaction sheet location,

ff—fw 1+foo—-|~—f

= = — — Kn = —. 37

ST St S T R 57)
In the reaction Zone, we assume

Tin =Tt — &by) + O(e2), (38)

where the inner coordinate is defined as= —(¢ -
&)/ e, indicatingy < 0 the unburned side and > 0

regime (1974):

0 .
27 _ g (@+um)
2dn2 de , (44)
(6+n),, ., = -(Kns+1)c"—p/u.
(é)n% = —(Kns + 1)ct, (45)
(dd/dn) __ =-1. (do/dy) =0, (46)
where
3 M2
6 = 9—/ﬂ7+|n(—°), n=Moy -2,
A 2
Ti-Tw Tr-Tw
Mo = Knever "1 “7)
Ti=Tw M2
_ V-1 TN AL
u=Mg Kns 1 & p In( A ] c"(1-44).(48)

There should be no confusion in the parameteend
p with those of§2. In deriving (45), the delta-function
closureT; (¢1) = T; (¢¢) (Law 2006) has been used and

the burned side. Substituting (38) into (32), we have the € (1 —&¢) = ¢*(Kns + ¢1) is therefore obtained.

structure equation of the flame
d20 B A -r—f - -r—w
d)(z 2 Kns + &¢
in which A is the reduced Damkohler number defined
by

x-c(1-¢n|e’, (39)

2

S(0) DacZe /T, (40)

S'(2)
and the perturbation parametar= T2/7. < 1 based
on the large activation energy assumption.
By matching (38) with (33) and (34), we have

Ti-Tw } ~

1 _‘ff X Yy ——00 -
ff - TNW
Kns + & "

=

—Cc (1 -41), (41)

[6(/\/) +

= —C"(Kns + &%),

Yy —00

[9()() - (42)

and therefore the boundary conditions
@ - =
d/\/ X——0 1 - ff ’

&) - e
A /oo Kns + &

(43)

The matching values in (45) have been given as nu-
merically fitting functions ofu (Chung, Kim & Law
1986; Law 2006):

(0 + 17)—co
—In(1 - 1.344u + 0.6307%4%), (u < 0),
42(1 - )
1-2u
+1.2u° = In(1 - 44, (u > 0),

= 1344 -

(49)

O - 0000246  0.01001 = 0.1545

© (05-w* (05-p)°  (0.5-p)?

0.62026
05-pu

= 0, (u<0.15)

+0.72168 (0.15< u < 0.5),
(50)

3.2. S-curve and extinction Daitier number

In the present study, we consider the situations of
0, or equivalentlyT,, < T, which implies that flame
extinction occurs before the flame contacts the cold disk
due to the heat loss to the disk. Similar to (49) and (50),
we expresd ; as a function oft:

T =To+l-p u=(1-&)1-p)/(1+Kns),(51)
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Figure 2: Reaction sheet location as functions of the Ddrtgtthumber..
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whereg = T,, — T is the heat transfer parameter. Fur- at low pressures, as shown §2. This trend however
thermore, by using (45) and (47)-(48), we have the re- is weakened by taking into account of thieets of the

duced Damkohler number, Knudsen layer, which influence the flame by reducing
1-p 24 the heat loss to the disk and hence increasing the flame
A = ( ) = temperature, and reducing the flow stretch rate at the
Kns+1) p? flame. The first influence can be further clarified by

noting that, since the temperature gradient at the disk
surface is positive due fB; > Ty, the dfect of the tem-
perature slip is equivalent to increasing tifieetive disk
temperature, as denoted by (30), and hence reducing the
heat loss to the disk. The reduced heat loss in turn in-
creases the flame temperature by an amou@{(khg),
which however results in a change &§ by O(Kn/ey)

exp[—u%ﬁ(é)w—u(ém)_w . 52

By noting thaff 1 andé; will be affected by the Knud-
sen layer and therefore the definition of the reduced
Damkohler number (40) is notindependent of the Knud-
sen numbers, we redefine

2
Ao = 2[80(00)} Dae2g Ta/Tro by
SH(©) = - (1 1
S(oo)z o Ao~exp—Ta_r_—fo—_r_—f
) 2[ S(i ©) Dafy/Tie /e (53) T Kns
ol ~exp|-=—Kng|~1-T )
. i p[ 7, Kns o (55)
whereTio = T + 1 — g andéso = 1 — p/(1 - p) are

respectively the reaction sheet temperature and locationAs a consequence, the substantial displacement of the
in the absence of the rarefied gdkeet. Consequently, ~ S-curves due t&ns can be seen in Figures 1-2 and
we have more clearly in Figures 3-4. By observing (54), we note
that the €ects of the temperature slip also appear in the

2
Ay = (ﬂ) exp[—pi(é)m — (6 + U)—w} . othertermsTro/Tr)* ~ (1-4Kns) and 1-2Kns, which
H 1-5 reduceAq by an amount 0O(Kns) and therefore can be
[1 + 2KnyHo(£)](1 — 2Kns) - neglected compared to the term in (55). The other in-
T+o 4 . (1 1 fluence of the Knusden layer is tffect the flow stretch
(~_f) EXp[‘Ta(f_fo - f_f)} (54)  rate at the flame through the term 2Kny Ho(¢), which

is physically associated with the velocity slip. Sirtdg
Results from Appendix A have been used in deriving js negative and is always larger tha0.886, as indi-
(54). cated in (25), the change o, due to this term is ex-
Model calculation was performed for the typical val- pected to be 0O(Kny) and also can be neglected com-
ues of T, = 0.1 andT, = 110. Figure 1 and Fig- pared to that in (55).
ure 2 respectively shows Ehe response of the normalized The extinction Damkéhler number can be obtained
reaction-sheet temperature/(1+T.) and the reaction- by identifying the turning point on the S-curve, cor-
sheet locatio; to the reduced Damkohler numbey. responding tadT;/dAq = O or 8&1/dA¢ = 0. Fig-
The characteristic turning point behavior, denoting the jre 3 shows that the extinction Damkohler number de-
occurrence of the flame extinction, is clearly captured in creases almost linearly with increasifig The Knud-
the S-curves. Itis seen that with increasfignamely  sen |ayer, especially the temperature slip, substantially
the disk temperature, the S-curve extends toward the extends the extinction limits by a factor as large as 3
bottom-left of the parameter spaces in Figures 1-2, in- \whenKng = 0.1. It is again noted that, the influence of
dicating the flame extinction becomes harder due to the the Ve'ocity S||p iS a|Ways much Sma”er than that Of the
reduced heat loss to the disk. Furthermore, incregéing temperature slip, and it vanishes at higher disk temper-
and hence decreasing the heat loss makes the flame ttyres as the result ofo(£1) approaching to zero when
be of lower temperature and is closer to the disk when the flame is close to the disk. A direct presentation of

the extinction occurs. Theffiect of the spin rate of the  the extension of the extinction limits B§ns is shown
rotating disk on flame extinction is contained in the re- i Figure 4 for diferent disk temperatures.

lation of Ag ~ 1/Q, which means that the flame tends to
extinguish when the increasing spin rate redugges
It is noted that, with decreasing pressure, the flame
is expected to extinguish more readily due to the re- An asymptotic analysis of flame extinction in a
duced reactivity of the mixture, sinc& ~ Da ~ p weakly rarefied rotating-disk flow was performed for
8

4. Concluding remarks



a one-step overall gas-phase reaction with large activa-[10]

tion energy. Due to the self-similar characteristics of the
rotating-disk flow, the analysis can be unified with pre-
vious theories and results in Linan’s canonical struetur
equation for the premixed flame. By using the concept

(11]

of S-curve, we demonstrated the extension of extinction [12]

limits due to rarefied gadfects, especially the temper-
ature slip, which reduces the heat loss to the cold disk

and consequently increases the flame temperature.

Appendix A.

To determine the flow-related fact8f({t)/S(c0), we
apply (23) in (26), keep the terms up @Kny), and
then have

S@©) =
So(¢) =

So(¢) + KnySy(2),

¢ v
[ exp{ [ Ho(g")dg"}dg'. (56)
0 0

Consequently, we have

S(e) So(0)
() Sy(&) + KnySg(2)
So(e0)

[1-KnvHo()], (57)

S6(0)
where we have used the res8fj(co) = 0. In additon,
we have the numerical integrati@p(co) = 2.4941 and
S4(0) = 1, which yieldsKns ~ 0.4Kny.
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