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Recent studies on catalytic micro-combustors and LPCVD (Low-pressure Chemical Vapor 
Deposition) have shown the necessity to include effects of the Knudsen layer on surface reactions. 
In the present work, a weakly rarefied flow of a binary gas mixture with surface reactions was 
analyzed by using Hamel's model of the Boltzmann equation and Nocilla's model of molecule-wall 
interaction. Particular interest was placed on the interaction between the Knudsen layer and surface 
reactions. The theoretical results show that the Knudsen layer modifies the incident flux of the 
molecules striking the surface and consequently the surface reaction rate, while the surface reactions 
in turn modify the flow structure in the Knudsen layer through the non-zero net flux at the surface. A 
general rate expression for a one-step surface reaction based on the sticking coefficient was obtained 
and can be readily extended to more complex surface reaction mechanisms. The assumptions 
underlying the widely-used Motz-Wise correction formula for surface reaction rate are discussed. 

1. Introduction 
Recent studies [1-3] on catalytic micro-combustors and LPCVD (Low-pressure Chemical Vapor 
Deposition) have shown that, as the characteristic length, which is the minimum diameter of the 
micro-combustor or the boundary layer thickness of the flow in LPCVD reactors, becomes 
comparable to the mean free path of the molecules, it is necessary to include the effects of gas 
rarefaction on the flow fields and surface reactions. The magnitude of the influence is determined 
by the degree of the rarefaction which is characterized by the Knudsen number, Kn, defined as the 
ratio of the mean free path to the characteristic length. In the present study, we consider the 
situation of small Kn, i.e. weakly rarefied flows, which is typical of the flow regime in the above 
applications. In general, for a weakly rarefied flow, almost the entire flow field can be described 
by hydrodynamic equations except a thin Knudsen layer immediately close to the wall (e.g. 
catalytic walls or CVD substrates) [4]. Despite its small thickness, which is of the order of the 
mean free path, the Knudsen layer plays an important role in determining the surface reaction rates. 
The reason is that, in many hydrodynamic problems in the presence of surface reactions, the 
reaction rates are determined based on the assumption that the gas molecules striking the wall have 
a Maxwellian distribution. However, the Knudsen layer causes deviation of the distribution from 
the equilibrium Maxwellian distribution [5, 6]. Therefore, the non-Maxwellian distribution of gas 
molecules at the wall should be taken into account. The present paper aims to derive a correction 
expression for surface reaction rates by considering the effects of the Knudsen layer. We start with 
a weakly rarefied flow of a binary gas mixture with surface reactions. The non-Maxwellian 
distribution function of the gas molecules in the Knudsen layer is obtained by solving the 
Boltzmann equation. The surface reaction rates are expressed by using the sticking coefficient 
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which accounts for the probability that a collision between the molecules and the wall results in a 
reaction. A general rate expression for a one-step surface reaction based on the sticking coefficient 
is subsequently derived. The assumptions underlying the widely used Motz-Wise correction 
formula for surface reaction rate are discussed. 

2. Formulation 
We consider the boundary value problem of a steady, planar, rarefied flow of a binary gas mixture 
in the Knudsen layer, in the absence of external forces. A coordinate system is so established that 
the flow only depends on the coordinates x  and y which are respectively parallel and normal to 
the wall. A model Boltzmann equation [7] for this problem can be written as 
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Here, if ( , 1, 2i j = ) is the distribution function of the i -th component of the gas mixture. M
iif  and 

M
ijf ( i j≠ ) are local Maxwellian distribution functions in which all of the macroscopic 

hydrodynamic quantities have spatial dependence. k  is the Boltzmann constant. im , iξ , in , iU  
and iT  are respectively the mass of a molecule, the molecular velocity, the number density, the 
mean velocity and the temperature of the i -th component of the gas mixture. They are defined 
by di i in f= ∫ ξ , 1 di i i i in f−= ∫U ξ ξ  and ( )21(3 ) di i i i i i iT kn m f−= −∫ ξ U ξ . ijT  and ijU  are given by 
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i jm m m= + .  iiA  and ijA  are constants characterizing the cross sections of molecular collision.  

Outside the Knudsen layer, we assume a series solution of the model equation (1) by using the 
Chapman-Enskog theory [8]. The solution with an 2( )O ε accuracy ( Knε =  is a perturbation 
parameter in the present problem) is given by [9] 

 ( ) ( ) ( )
0 1

o o o
i i if f f= +  (3) 

 

( )

( )

( )

3/ 2
2( ) ( ) ( )

0 ( ) ( )

( ) ( ) ( )2( ) ( ) ( ) ( ) ( )
( ) ( ) ( )( )

12( ) 0
1 ( ) ( )2( ) ( )

( )

exp
2 2

1
3

ln5
2 2

o o oi i
i i io o

o o o
o o o o oi l

i i il ir lr io o oo
i ro i

i o o
i o oi l

i iro
r

m mf n
kT kT

mn R Um c c
n A kT xff

R m Tc
kT x

π

δ
ρ

⎛ ⎞ ⎡ ⎤= −⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦
⎧ ∂⎡ ⎤⋅ + −⎪ ⎢ ⎥ ∂⎣ ⎦⎪= − ⎨

∂⎡ ⎤⎪+ −⎢ ⎥⎪ ∂⎣ ⎦⎩

c

c d c

c

⎫
⎪
⎪
⎬
⎪
⎪⎭

 (4) 

Here we use the superscript o  to indicate the solution and the hydrodynamic quantities appearing 
in it. All the symbols in (3) and (4) are the conventional ones. Inside the Knudsen layer, we can 
look for a solution of (1) in the form [4] 
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and 
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Here we use the superscript i  to indicate the solution in the Knudsen layer. iν and iτ  are 
respectively the perturbation to the number density and the temperature. Substituting (5) and (6) 
into (1), we can obtain a linearized equation for the perturbation distribution function iϕ . 

Two kinetic boundary conditions are needed to solve the linearized Boltzmann equation of iϕ . 
One is specified at the wall (the inner boundary of the Knudsen layer) and is obtained by applying 
the Nocilla's model [11, 12] for the interaction between molecules and wall. The other one is 
specified at the outer boundary of the Knudsen layer and is obtained by asymptotically matching 
the outer (3) and the inner (5) solutions in the inner coordinates.  

3. Surface Reaction Rates Based on Sticking Coefficients 
We consider a simple one-step irreversible surface reaction 
 ( ) ( )i iM g M s→  (7) 
where iM  denotes the i -th component of the gas mixture, and g  and s  respectively denotes gas 
phase and surface phase. Based on the sticking coefficient formulation, the surface reaction rate of 
(7) is defined as [5, 6 and 12] 
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where κ  is the sticking coefficient and ( )
iJ −  is the number flux of the incident molecules of the 

i -th kind. In previous studies, the incident molecules are assumed to be in equilibrium with the 
surface and have the Maxwellian distribution. So, the surface reaction rate is given by 

 ( ) 1
2 4

w
i w iw iw i

i

kTRc J n n c
m

κ κ κ
π

−= = =  (9) 

where wT  is the wall temperature; iwn  and iwc  are respectively the number density and mean 
molecular velocity of the i -th kind molecule at the wall. Since the distribution of incident 
molecules is non-Maxwellian due to the existence of the Knudsen layer, a correction expression 
for the surface reaction rate can be obtained by using the solution of the Boltzmann equation (1) in 
the Knudsen layer, and is given by 
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and nα  is the normal momentum accommodation coefficient appearing in Nocilla’s model [10, 
11].  λ  is the mean free path. The correction expression shows that the reaction rate depends not 
only on the number density and temperature of the molecules at the wall, but also on the 
temperature gradient at the wall as well as other parameters characterizing the Knudsen layer. 
Furthermore, we found that, even by neglecting the temperature gradient and assuming specular 
reflection of the molecules ( 0nα = ) in (10), the widely-used Motz-Wise correction formula for the 
surface reaction rate [12-14]: 
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is still not recovered.  To explain the difference, we note that (12) was derived with the use of 
Meyer’s theory on diffusion [14], for which the distribution functions of the incident molecules 
and reflected molecules are assumed to be locally Maxwellian with a macroscopic velocity at 
every point, and are given by 
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It is, however, not correct to express the distribution of reflected molecules by (13) even though it 
is locally Maxwellian. The reason is that the normal component of the macroscopic velocity of the 
reflected molecules from the surface is not equal to that of the incident molecules towards the 
surface. For a specular reflection, the magnitude of the normal velocity is the same, but the sign 
changes. As such, while expression (13) is valid at any point in the flow region outside the 
Knudsen layer, it fails to hold at the wall, at which the kinetic boundary condition must be applied 
to obtain the correct expression for the reflected flux. 

Although (10) is only applicable for binary mixtures with the surface reaction mechanism (7), it is 
readily extended to more complex surface reaction mechanisms for which the multicomponent 
mixture has a major chemically inert species so that the other chemically active species exist in 
dilute concentrations. The resulting correction formula for the surface reaction rate can be applied 
in numerical simulation codes and be solved simultaneously with flow fields. 
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